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Abstract. We study the singular iso-level manifold M g (0) of the genus g Mumford 
system associated to the spectral curve y 2 = x 2g+1 . We show that M 9 (0) is stratified by 
g + 1 open subvarieties of additive algebraic groups of dimension 0,1, ... ,g and we give an 
explicit description of M g (0) in terms of the compactification of the generalized Jacobian. 
As a consequence, we obtain an effective algorithm to compute rational solutions to 
the genus g Mumford system, which is closely related to rational solutions of the KdV 



, hierarchy. 

on 



1. Introduction 



The notion of algebraic integrability has been introduced by Adler and van Moerbeke 

Oh 

in order to provide a natural context in which basically all classical examples of inte- 



grable systems naturally fit (after complexification) and they have developed techniques 
for studying the geometry and the explicit integration of these systems [H El Hj • The main 
feature of an algebraic completely integrable system (a.c.i. system) is that the generic 
£f) • fiber of its complex momentum map (the map which is defined by the Poisson commuting 

integrals) is an affine part of an Abelian variety (compact complex algebraic torus); in 



■ addition, the corresponding Hamiltonian vector fields are demanded to define translation 

. invariant vector fields on these tori. One important consequence is that the integration 

\q • of the equations of motion, starting from a generic point, can be done in terms of theta 

functions, such as the classical Riemann theta function. A widely known example of an 
a.c.i. system is the Euler top, which Euler integrated in terms of elliptic functions. 

Particular special (non-generic) fibers of a the moment map of an a.c.i. system are in 
general not affine parts of an Abelian variety. According to a conjecture, stated in [H p. 
155], such a fiber is made up by affine parts of one or several algebraic groups, defined by 
the flows of the integrable vector fields. The solutions starting from a point on such a fiber 
are then expressed in terms of a degeneration of the theta function, such as exponential 
or rational functions. When the generic fiber of the a.c.i. system is the Jacobian of a 
Riemann surface, so that the solution is expressed in terms of its Riemann theta function, 
one is tempted to relate the algebraic groups that make up a special fiber to a generalized 
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Jacobian, i.e., the Jacobian of a singular algebraic curve. Then the function theory of these 
Jacobians provides the algebraic functions in which the corresponding special solution can 
be expressed. In the case which we will study in this paper, the zero-fiber of the genus 
g Mumford system, the singular curve is of the form y 2 = x 2n+1 (where n ^ g) and the 
entire zero-fiber admits, according to a result by Beauville [8j, a natural description as an 
affine part of the compactification of the generalized Jacobian of the curve y 2 = x 2g+1 . We 
will show that the corresponding solutions of the Mumford system are rational functions 
of all time variables and we will give explicit formulas for these solutions. See [TJ dU [12] 
for other works on integrable systems involving generalized Jacobians. 

Recall [17} [22] that for a fixed positive integer g, the phase space M g of the Mumford 
system is given by 




equipped with a Poisson structure {•,•}. We have the momentum map 

§ g : M g -> H g \ £(x) ^ - det(£(x)) , 

where H g = C 2g+1 is given by 

H g = {h(x) = x 2g+1 + h 2g x 2g + h 2g -ix 29 - 1 + ■ • • + ho I ho, ■ ■ ■ , h 2g € C}. (1.2) 

Out of the 2g + 1 independent functions ho, ... , h 2g+ \ on M g , g + 1 functions h g , . . . , h 2g 
are Casimirs, and the g other functions ho, . . . , h g -\ define commuting Hamiltonian vector 
fields Xi,--- , X g . This implies, since the generic rank of {-,-} is 2g on M g , that the 
system (M g , {■,■}, $> g ) is a Liouville integrable system. For h(x) G H g , let C g (h) denote 
the integral projective (possibly singular) hyperelliptic curve of (arithmetic) genus g, given 
by the completion of the affine curve y 2 = h(x) with one smooth point at infinity. The 
main feature of the Mumford system is that, when C g (h) is non-singular, there is an 
isomorphism between the level set M g (h) := $~ (h) and the complement of the theta 
divisor in the Jacobian variety J g (h) of C g (h), which transforms the Hamiltonian vector 
fields Xi, • • • , X g into the translation invariant vector fields on J g (h). This shows that the 
Mumford system is a.c.i. For singular curves, according to Beauville [8], the same result 
holds true, upon replacing the Jacobian by the compactified generalized Jacobian (and 
the theta divisor by its completion in the latter). 

In this paper we give a precise and explicit description of the zero-fiber of the Mumford 
system, which is the fiber of over the very special point h(x) = x 2g+1 in H g , for which 
the spectral curve C g := Cg(x 2g+1 ) becomes a singular curve given by y 2 = x 2g+1 . Our 
results can be summarized as follows. (See Theorems 14.21 14.41 and Proposition 15.71 for 

(l)-(3)0 
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(1) The level set M g (x 29+l ) is stratified by g + 1 smooth affine varieties, which are 
invariant for the flows of the vector fields Xx, . . . , X g ; they are of dimension k = 
0,1,... ,5- 

(2) Let k G {0, 1, . . . ,g}. There is an isomorphism between the (unique) fc-dimensional 
invariant manifold in M g (x 29+1 ) and the complement of the 'theta divisor' in the 
generalized Jacobian of Ck, which linearizes the vector fields Xi, . . . , X&. (The 
vector fields X^+i, . . . , X g vanish.) On the other hand, we construct explicitly an 
isomorphism between and the additive group C fc , by which 0& is transformed 
to the zero locus of an (explicitly constructed) polynomial function on C fc . 
Combined, for k = g, this yields a rational solution to the Mumford system in 
terms of r g and its derivatives. 

(3) The entire level set M g (x 29+1 ) is isomorphic to the complement of the 'completed 
theta divisor' Q g in the compactification J g of J g . The vector fields Xi,...,X g 
are transformed to the ones induced by the natural action of J g on J g via this 
isomorphism. 

The rational solutions, obtained in (2), turn out to be exactly same as the rational 
solutions to the Korteweg-de Vries (KdV) hierarchy constructed in [H (H O [181 023 • 
This is not surprising, since Mumford's original motivation for constructing the Mumford 
system is the fact that every solution to the Mumford system yields a solution to the KdV 
hierarchy |17l p. 3.203]. We therefore recover the rational solutions of the KdV hierarchy by 
using an adapted version of the Abel-Jacobi map within the finite-dimensional framework 
of the Mumford system. 

Outline of the paper. In §2, we briefly review the basic facts about the Mumford system. 
§3 is devoted to a detailed analysis of the generalized Jacobian J g of C g and its compact- 
ification J g . We then apply in §4 the results of §3 to the Mumford system. In §5, we give 
an algorithm to produce rational solutions for the Mumford system. In §6, we study the 
relation to the KdV hierarchy. 

Acknowledgement. Part of this work is done while the first and third authors stay in the 
Universite de Poitiers. They are grateful to the hospitality of the members there. We also 
wish to thank the anonymous referee for his suggestions which allowed us to better relate 
our results to the extensive KdV literature. 

2. The Mumford system 

In this section, we recall the basic facts about the Mumford system (|17j. [22^ Ch. VI. 4]). 
Throughout the section, g is a fixed positive integer. 

2.1. Hamiltonian structure and integrability. The phase space M g defined in (jl,l[) 
of the Mumford system is equipped with the Poisson structure defined by (see |22} Ch. VI 
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(4-4)]) 

{u(x),u(z)} = {v(x),v(z)} = 0, 

u(x) - u(z) 

{u(x),v{z)} = , 

x — z 

v(x) — v(z) 



{u(x),w(z)} 



X 



. , . /v(x)w(z) — w(x)v(z) , . . .\ 
V x — Z / 



w(x) - w(z) 
x — z 

{w(x), ui(z)} = 2{y{x) — v(z)) . 

The natural coordinates ho, ... , h 2g on H g ()1.2p can be regarded as polynomial functions 
on M g . These functions are pairwise in involution with respect to the above Poisson 
structurfi where h g , ■ ■ , h 2g are the Casmnrs, and h , ■ ■ , generate the Hamiltonian 
vector fields Xi,-- - ,X g on M g by Xj := {-,h g -i}. Introducing D(z) := Ylf=o z% %g-i > 
these vector fields can be simultaneously written as follows (see [17} Th. 3.1]): 

D(z)u(x) = 2 U{X)V{Z) ~ V{X)U{Z) , 
x — z 

w{x)u(z) - u(x)w(z) . . 

Dfzjufx) = u(x)u(z), (2.1) 

x — z 

'v(x)w(z) — w(x)v(z) 
x — z 

Since $ 9 is submersive and since the above g Hamiltonian vector fields are independent at 
a generic point of M g , a simple count shows that the triplet (M g , {•,•}, <3? ff ) is a (complex) 
Liouville integrable system. 

2.2. Algebraic integrability. It was shown by Mumford that (M g , {•,•}, <& s ) is actually 
an a.c.i. system, which means that, in addition to Liouville integrability, the generic fiber 
of the momentum map <I> 9 is an affine part of an Abelian variety (complex algebraic 
torus), and that the above Hamiltonian vector fields are constant (translation invariant) 
on these tori. We sketch the proof, which Mumford attributes to Jacobi. To a polynomial 
h(x) € H g , one naturally associates two geometrical objects: 

• The spectral curve C g (h) is defined to be a completion of the affine curve in C 2 
given by y 2 = h(x) by adding one smooth point 00. This is an integral projective 
(possibly singular) hyperelliptic curve of (arithmetic) genus g. 

• The level set M g {h) is defined to be the fiber of $ 9 over h(x). 

Theorem 2.1 (Mumford). Suppose that h(x) £ H g has no multiple roots, so that C g (h) 
is an irreducible projective smooth hyperelliptic curve of genus g. Let J g (h) and Q g (h) 
be the Jacobian variety and the theta divisor of C g (h). Then there is an isomorphism 
M g (h) = J g (h)\@g(h) by which the vector fields Xi, . . . ,X 9 are transformed into indepen- 
dent translation invariant vector fields on J g (h). 



^Actually, they are in involution with respect to a whole family of compatible Poisson structures, see 
[221 Ch. VI (4.4)]. 
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Outline of the proof. One first proves that there is an isomorphism between M g (h) and 
an open dense subset 

§ := e Sym* (C g (h) \ {oo}) \ i ^ j ^ P t ^ 



of Sym 9 (C 9 (/i)), where z : C g (h) — > C g (h) is the hyperelliptic involution. This isomorphism 
is given by 

'v{x) w(x) 
u(x) —v(x) 



£(x) 



(2.2) 



Yl [( x hv(xi))] 
roots Xi of u(x) 

when u{x) has no multiple roots, which naturally extends to the whole of M g (h) by the 
interpolation formula. The next step is to show that the Abel-Jacobi map induces an 
isomorphism between S and J g (h) \ @ g (h). Combined with the first step, this yields the 
isomorphism between M g (h) and J g (h) \ Q g (h). 

As for the translation invariance of the vector fields %%, . . . ,% g on J g (h), it suffices to 
prove that they are translation invariant in the neighborhood of a generic point, because 
they are holomorphic on M g (h). We use the above isomorphism to write these Hamilton- 
ian vector fields down in terms of the variables Xi, which yield local coordinates in the 
neighborhood of a generic point of S. We calculate D{z)u{xi) in two different ways: 

v(xi)u(z) 



D{z)u{x) 



Z Xj : 



D(z)u(x)\ x=x ^ = ~Y[( x i - x k )D(z)xi. 

k^i 



Thus 



D(z)xj 
Vi 



Xk 



k^i 



X{ Xk 



By using the interpolation formula, we obtain 



D(z)xj 
Vi 



z ~ x k 



i=l ' i=l k^i 

for j = 1, • • • ,g. It follows that in terms of the local coordinates Xi, the vector fields Xi 
are expressed by 



/ 1 

Xl 



1 

X2 



1 \ 



3-1 <7-l 



JJl 

JLgX2 
V2 



jCg — 1 X\ 

yl 



Vi ' 

V2 



V 



-2I g . 



(2.3) 



fit, 



7 



The g differential forms {^2i=i x i^ x i/yi}j=o,---,g-i on § are seen to be the dual basis to 
{Xi}i = \^,^ g (up to a scalar) by (j2.3H . Since {J2f=i Xi^ x i/yi}j=o,-,g-i constitute under the 
Abel-Jacobi map a basis for the space of holomorphic one- forms on J g (h), it follows that 
X\, . . . ,X g extends to holomorphic (hence translation invariant) vector fields on J g (h). □ 
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2.3. Singular fiber. We consider what happens in Theorem 12.11 when C g (h) is singular. 
For a coherent sheaf 3" on C g (h) and k G Z, we write S'ik) for SF <g> 0<7 g (/j)(£;[oo]). For 
any £ we define J g (h) and J 9 (/i) respectively to be the generalized Jacobian 
variety of C g (h) (which parametrizes invertible sheaves on C g (h) of degree zero) and its 
compactification (which parametrizes torsion free 0^ (/^-modules £ of rank one such that 
h°(C g (h),H) - h}-(C g (h),L) = 1 - g) (see [10]). We have J g (h) = J g {h) if h(x) has no 
multiple root. We have a natural inclusion J g (h) C J g (h) (see [H]). We also define 

G g (h) := {L G J g (h) | h°(C g (h),L(g - 1)) + 0}, (2.4) 

Q g (h) := {L G J g {h) I h°(Cg(h),H(g - 1)) / 0}. (2.5) 

Note that we have h°(C g (h),L(g - 1)) = h l {C g {h),L(g - 1)) for any £ G J ff (/i)@ We set 

M g {h) Teg := {l(x) G M g (h) | /(a) is regular for all a G P 1 }. 

(Recall that A G Ma(C) is regular iff all eigenspaces of A are one-dimensional. Note that 

the matrix Z(oo) = ^jj ^ of leading coefficients is regular.) When h(x) has no multiple 

root, we have M g (h) = M g (h) reg . Here we state a special case of a result of Beauville [8]. 

Theorem 2.2 (Beauville). For any h G H g , there exist isomorphisms 

M g {h) * J g (h) \ O g (h) and M g (h) reg * J g (h) \ O g (h), 
where the latter is a restriction of the former. 

Outline of the proof. Let / : C g (h) — > P 1 be the map given by (x,y) i— > x. We take 
L G J g (h) \ Q g (h). We see that the condition £ &g(h) implies that there exists an 
isomorphism E := f*(&(g — 1)) = P i(— l)® 2 of Opi -modules (and vice versa), which is 
unique up to the conjugation by an element of GI^C). Once we fix this isomorphism, 
the map E — > E(g + 1) defined by the multiplication by y G Oc (h) 1S represented by 
a matrix l(x) G M2(C[x]) such that all the entries of l(x) are of degree ^ g + 1. We 
also have — detl(x) = h(x) by the Cayley-Hamilton formula. In the GL2(C)-conjugate 
class of l(x), there exists a unique l(x) which belongs to M g (h) (cf. [HI (1.5)]). It follows 
that the correspondence XL i— > l(x) defines a bijection J g (h) \ Q g (h) = M g (h). In order 
to see this is an isomorphism, we simply notice that the same argument works after any 
base change. It is shown in [HI (1.11-13)] that the restriction of this isomorphism defines 

Mg(h) reg ^Jg{h)\e g (h). □ 

Remark 2.3. We briefly explain that the two isomorphisms constructed by Mumford and 

Beauville coincide when h(x) G H„ has no multiple root. We take l(x) = ( v ^\ w(x) \ ^_ 

y \u(x) —v(x) J 

M g (K). Mumford associates to l(x) the invertible sheaf L = C (h)(D — g[oo\) where 
D = Ef=i[(^,«(^))] withn(x) = YiUix-Xi). WesetE:= h(L(g-l)) = /,(0 Ofl(h) (Z>- 
[oo])). Then we can choose an isomorphism E(l) = 0® 2 in such a way that on the 



2 When L £ J g {h), this is a consequence of the Riemann-Roch theorem (cf. |21]). For a general £ G J g {h), 
the proof can be reduced to the previous case, because one can find a partial normalization / : C' — » C g (h) 
and an invertible sheaf L on C" of degree zero such that f*(L) = £ (cf. [9l p. 101] ). 
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global section u(x) and y — v(x) are mapped to the standard basis of 0®i 2 . (Note that 
{u(x),y — v(x)} is a basis of H°(C g (h), L(g)).) Then the multiplication by y is represented 
by l(x), since (u(x), y — v{x))y = (u(x), y — v(x))l(x) follows from the relation y 2 = h(x) = 
u(x)w(x) + v (x) 2 . 

Beauville also showed that the Hamiltonian vector fields are transformed by this iso- 
morphism to the vector fields generated by the group action of J g (h), but the proof works 
only when C g (h) is non-singular. It should be possible to modify his argument to deal 
with singular cases, but we avoid it. Instead, we limit ourselves to consider a very singular 
rational curve obtained by taking h(x) = x 2fil+1 , so that the curve is given by y 2 = x 2g+l . 
For this curve we will make the above isomorphism explicit, which entails in particular an 
explicit description of M g (h) reg as a subset of M g (h), a description of the Jacobian variety 
as the additive group C 9 , and a description of the theta divisor as a subvariety of C 9 . 
The latter two descriptions will be given in the following section. We will then discuss the 
Hamiltonian vector fields in §4. 

3. Generalized Jacobian and its compactification 

For a positive integer g, we define C g to be the (complete, singular) hyperelliptic curve 
defined by the equation y 2 = x 2g+1 . In this section, we study in detail the structure of 
the generalized Jacobian of C g and its compactification. 

3.1. Generalized Jacobian. Let J g be the generalized Jacobian variety of C g , which 
parametrizes isomorphism classes of invertible sheaves on C g of degree zero (cf. [21j). 

The normalization of C g is given by ir g : P 1 — > C g ; ir g (t) = (t 2 ,t 29+1 ). Let O and oo be 
the points on P 1 whose coordinates are t = and oo respectively. The images of O and 
oo by Tr g are, by abuse of notation, written by the same letter O and oo. Note that O is 
the unique singular point on C g . We write R g for the local ring 0c 9 ,o of C g at O, which 
we regard as a subring of S = P i o = C[£]/^ (via 7r ff ). The completions of S and R g are 
identified with C[[t]] and C[[i 2 , i 2ff+1 ]] respectively. The following isomorphisms play an 
important role throughout this paper (see, for example, [21J): 

C 9 C[[t]]*/C[[t 2 ,t 29+1 }}* S*/R* g Div°(C 9 \ {0})/div(R* g ) J g . (3.1) 

Here the first map is given by 

9 

a = (at, . . . ,a g ) ■-> f(t; a) := exp(J^ a^" 1 ) mod C[[t 2 , t 29+1 }\* . 

i=i 

The second map is induced by the "inclusion to their completion" S C C[[i\] and R g C 
C[[t 2 ,t 29+1 ]]. The third map associates to the class of / £ S* its divisor class div(/). 
The fourth map is defined by D i— > 0(—D), where for D S Div(C 9 \ {O}) we write the 
corresponding invertible sheaf by 0(D). We often identify all the five groups appearing in 
(13. ID altogether. 

It is convenient to introduce the following notations: 
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Definition 3.1. (1) We define polynomials Xn G C[a±, ci2, . . . ] for n £ Z^o by 

oo oo 

exp^a^" 1 ) = ^ Xn r in C[[t}}. (3.2) 

i=l n=0 

For example, we have xo = 1> Xi = a i> X2 = ~2% X3 = + a 2- One sees that Xn is 
a polynomial in the variables at,. . . , a^n+iy We set Xn = for n G Z<o- 
(2) We set / 9 (i;a) := £2*X„(3)* n for' a G C*. Since / 9 (i;a) = /(i;a) in 
C[[f]]7C[[t 2 ,t 29+1 ]]*, the invertible sheaf L := 0(- div(/ s (i; a))) G J 5 corresponds 
to a G C 9 by ([3TT]) . 

In order to study the structure of J g , we need to introduce some definitions. 
Definition 3.2. For a natural number k, we define the Abel-Jacobi map 

aj 9ifc :Sym fc (C 9 \{0})^ J g 

by aj ffiJfc (D) :=0(£>-fc[oo]). 

Definition 3.3. We define a (5 x 2^)-matrix 



Xl 


Xo 











• • 


• 


X.3 


X2 


Xi 


Xo 





• • 


• 


X5 


X4 


X3 


X2 


Xl 


Xo • • 


• 



\X2g-l X2g-2 X2g-3 X2g-4 X2c?-5 " " " Xl XO / 

with entries in C[ai, . . . , a g }. For ^ k ^ 2g, let be the (g x /c)-submatrix of X2 g 
consisting of the left k columns of Xi g - 

Lemma 3.4. Let k G Z and a = C 9 . Recall that L = 0(— div(/ 5 (t; a))) is the correspond- 
ing invertible sheaf. 

(1) Assume that ^ A; ^ 2g — 1. Then the following conditions are equivalent: 

(a) h°(C g ,L(k)) / 0. 

(b) There exists h(t) G C[t] \ {0} such that degh(t) ^ k and f g (t;a)h(t) G R g . 

(c) T/iere exists b = (6j)f =0 G C fc+1 such that X k+ ib = and 6/0. 

(2) Assume that ^ k ^ 2g — 1. Then the following conditions are equivalent: 

(a) L is in the image o/aj ff fc . 

(b) There exists h(t) G C[t] such that degh(t) ^ k and f g (t;a)h(t) G R*. 

(c) There exists b = (&i)i=o ^ C fc+1 such that Xk+ib = and bo 7^ 0. 
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Proof. First we prove (1): 

h°(C g , L(k)) / ^3r eR g \ {0}, div(r) - div(/ 9 (t; a)) + k ■ oo ^ 

^3h(= — r — ) £C[t]\{0}, s.t. degh(i) < k, f g (t; a)h(t) G R g 

Jg\t, CL) 
k 

^3h(t) =J2¥ j + s -t- fg(t^)h(t) = ^(^6 iX n-i)t n G 
i=0 n j 

^3b = (bj) G C fc+1 \ {0} s.t. bjXn-j = (n = 1,3, . . . ,2g - 1) 

i 

^36 = (fy) G C fc+1 \ {0} s.t. X k+l b = 0. 

Next we prove (2). If E 1 = Ei=iks(«i)] G Sym fc (C 9 \ {O}) with Qi G F 1 \ {O}, then 
aj gfc (£') is represented by /i(i) _1 G S 1 * where = rii=i(l ~~ ^")- (Here the factors 
with a.i = oo are regarded as 1. Hence h(t) is a polynomial of degree ^ k.) Since a is 
represented by f g (t;a) G S*, we have a = a,] gk (E) ^t- f g (t;a)h(t) G R*. This proves (a) 
44> (b). The equivalence of (b) and (c) is seen in the same way as (1). □ 

The above lemma justifies the following definition. 

Definition 3.5. We define the theta divisor @ g to be the zero locus of the polynomial 
det(X g ) G C[ai, . . . ,a g ] in C 9 . This is a divisor on C 9 , but we identify it with a divisor 
on J g via the isomorphism (|3.1|) . which is the same as Q g (x 2g+1 ), defined in (|2.4I) . 

Corollary 3.6. (1) For L G J g , the following conditions are equivalent: 
(a) L G e g , (6) h°(C g , L{g - 1)) + 0, (c) det(X a ) = 0. 

(2) We have Im(aj gg _ 1 ) C G 9 . However, Im(aj g g _ 1 ) ^ Q g if g ^ 3. 

(3) For any L G J 9 and k ^ g, the equivalent conditions in Lemma \ 3.4\ (1) hold. 
However, Im(aj 9 9 ) ^ J g if g ^ 2. 

(4) T/ie image of &j g g+ i contains J g \Q g . 

Proof. (1) When fc = g — 1, the condition of Lemma 13.41 (1-c) is rephrased as (c), which 
proves (6) <J=> (c). The equivalence of (a) and (c) is the definition of Q g . 

(2) The first statement follows from a trivial fact R* C R g . The second statement is 
an effect of non-zero elements of R g \ R*. A concrete example is given by g = 3 and 
L = 0(— div(l — i 5 )). (See the last line in this proof for the case g = 1, 2.) 

(3) The first statement follows from the Riemann-Roch theorem. The second statement 
is an effect of elements of R g \ R*. A concrete example is given by g = 2 and L = 
0(— div(l — i 3 )). (See the last line in this proof for the case g = 1.) 

(4) We take L G J g \ @ g . Then X g is of rank g by (1). Hence X g+ 2 is also of rank g, 
and the linear equation 

(*) X g+2 b = 
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has two independent solutions b = (bi)f= G C 9+2 . By Lemma 13.41 (2), it is enough to 
show that (at least) one of these two solutions satisfies &o 7^ 0- We suppose that there 
exist two independent solutions to (*) with bo = 0. Because the first row of (*) reads 
ai&o + b± = 0, we have b\ = as well. Let Y be the lower-right {{g — 1) x g)-sub matrix of 
X g+ 2- (This is to say Y is constructed by removing the top row and the left two columns 
from X g+ 2-) Then Yc = has two independent solutions. Hence Y is of rank ^ g — 2. 
However, since Y is the same as a submatrix of X g (obtained by removing the bottom row 
from Xg) this implies X g is of rank ^ g — 1. This contradicts the fact that the rank of X g 
is g. 

The implication bo = b\ = shows that the implication (1-c) =>■ (2-c) holds when 
k = 2 in Lemma 13.41 This explains why the equality holds in (2) for g = 1, 2, and in (3) 
for g = 1. □ 

The following lemma gives an explicit formula for the map (|3.ip . composed with aj 99 , 
restricted to an open dense subset: 



Lemma 3.7. The composition Sym 9 (C g \ {O, oo}) -4 J g = C 9 is described as follows: 

9 -i 9 

D = £>,(<**)] ^a= (^— y £ )f =1 (a k G P 1 \ {O, oo}). 

k=l k=l 

2 7 1 

Proof. We claim that the formal power series defined by E(t) := (1 — i)exp(^°^ =1 \j-i ) 
belongs to C[[i 2 ]]. Indeed, we have 

00 £2j-l 00 £j 00 ^j-l 00 

S(t) = exp(log(l - t) + £ — ■) = exp(- £ - + £ = ex P(" E 2? } ' 

j=i J i=i j=i J i=i 

which belongs to C[[i 2 ]]. Consequently, we have 

E g (t) := (1 - t)expQT ^—) G C[[t\f 9+ % 

By replacing t by a^ 1 ^ for fc = 1, . . . ,g and taking a product, we get 

fl E g (a k H) =f[(l- a-H)eMY, - ) = *(*)/(*!*) € C[[i 2 , i 2 ^ 1 ]], 

fe=l fc=l i=l 

where fc(t) = JlLiC 1 " Now we take ^ : = EjLiM"*)] G S y m9 ( C 9 \ {0,oo}). 

Then aj Ptff (D) is represented by /i(t)" 1 in C[[t]]*/C[[t 2 , t 2fi,+1 ]]*. The above calculation 
shows that, in C[[t]]*/C[[i 2 , t 29+1 ]]*, the class of /i(t) _1 is the same as f(t;a), which 
represents a. This completes the proof. □ 

3.2. Compactification of the Generalized Jacobian. We write J g for the compact- 
ified Jacobian of C g which parametrizes isomorphism classes of torsion free Oc g -modules 
& of rank one such that h°(C g ,£j) — h l (C g ,L) = 1 — g (see |10t I19j). We have a natural 
inclusion J g C J g , by which we regard J g as a Zariski dense open subscheme in J g We also 
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define @ g = {£ G J g \ h°(C g ,L(g — 1)) ^ 0}. Similarly to Q g , we see that @ g is the same 
as Q g (x 2g+1 ), defined in (1231) . 

The normalization ir g : P 1 — > C g factors as P 1 ^ Ck C g for k = 1, . . . , g. Explicitly, 
7Tfc j9 is given by ^k,g(x,y) = (x,x g ~ h y). We have a push-forward (ftk,g)* '■ Jk — ► Jg- We 
also have an action of J g on J g defined by L ■ £ = L (g) £ for L G J g and £ 6 J 9 . 

Lemma 3.8. Xei A; € {1, ... , g}. 

(1) T/ie push-forward defines an isomorphism (7T 9 _i j9 )* : J 9 -i — > J g \J g . 

(2) For any L G J 5 and £ G Jfc, u>e Ziaue (TTk, g )*(('^k,g)* L ■ H) = L • (itk,g)*h 

(3) PFe /iGrae a commutative diagram of algebraic groups 

63} 

C g J g 

63J 

C fc * J k 

where the left vertical map is defined by (ai)f =1 i— > (aj)^ =1 . 

(4) For any £ G Jfc, we /lave £ G 0& z/ and only if (~Kk,g)*b G ©g- 

Proof. It is proved in Lemma 3.1] that (^k,g)* '■ Jk —> Jg is a closed embedding. Now 
(1) follows by induction from the elementary fact that any torsion- free -R 9 -submodule M of 
rank one in C(C g ) = C(t) satisfies f(t)M = R k for some f(t) G C(t)* and k = 0, 1, . . . ,g. 
(We set i?o = S by convention.) (2) is a direct consequence of the projection formula. (3) 
follows from the description of the isomorphism (|3.ip . Since i^k,g is a finite map, we have 
h°(C k ,L) = h°(C g , (nk,g)*£>), whi ch proves (4). □ 

4. Singular fiber of the Mumford system with additive degeneration 

We use the notations of §2. We apply the results of the previous section to study the 
level set M g (0) := M g {x 29+1 ) of the genus g Mumford system. 

4.1. Matrix realization of the generalized Jacobian. Let us take h(x) := x 2g+1 G 
H g . Then the spectral curve C g (h) is precisely C g considered in the previous section. We 
write M g (0) and M g (0) reg for M g {h) and M g (h) reg . We define a map 

i g : M g -x(0) -> M 9 (0) i a (i(ar)) = xZ(x). 

Lemma 4.1. Let l(x) G M g (0). Then l(x) is in M g (0) reg iff 1(0) ^ 0. In other words, we 
have M g (0) reg = M g (0) \ i g {M g ^{0)). 

Proof. We first remark that a traceless 2 by 2 matrix A is regular iff A ^ 0. Hence 
l{x) G M g (0) reg iff 1(c) ^ for all c G C. If 1(c) = for some c G C, then x 2g+1 = -deU(x) 
is divisible by x — c, thus c must be 0. □ 



Combined with Theorem 12.21 we obtain 
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Theorem 4.2. There exist isomorphisms 

4> g :M g {0)^J g \Q g and ^:M s (0)\i J (M r i(0))^/ s \8 s . 

Remark 4.3. We give an explicit description of (fi g . (Compare with Remark 12.31 ) Take 
l(x) G M g (0) \ i 9 (M 9 _i(0)). Because of the relation uowo + Vq = 0, we have no ^ or 
wo ^ 0. In the first case, l(x) is mapped to the invertible sheaf corresponding to the divisor 
X^=i[ Q j] — s[oo], where an = v(xi)/xf with u(x) = Ylf = i(x — x{). In the second case, l(x) 
is mapped to the invertible sheaf corresponding to the divisor X^fiil - Pj] ~ (s + 1)[°°]> 
where (3j = v(xj)/x 9 - with w(x) = Y\ 9 j=i( x ~ x j)- Note that for l(x) with uqWq ^ 0, the 
two definitions give the same divisor class. Indeed, one has 

5>,] - g[oo] = - Yftj] + (g + l)[oo] = - (g + l)[oo], 

i 3 3 

where the first equivalence is seen by div(t 2ff+1 — v(t 2 )) = X^J a «] + J2j[Pj] ~ (?g + l)[oo], 
while the second follows from div(l — ^) = [7] + [—7] — 2 [00] for any 7 € C \ {0}. We 
shall consider the inverse map of (fi g in §5.11 

4.2. The Hamiltonian vector fields. 

Theorem 4.4. The vector fields X\, . . . ,X g on M g (0) are linearized by the isomorphism 
<fig to the vector fields induced by the action of J g on J g . More precisely, we have the 
following: 

(1) For any i = 1, ... ,g, the vector fields Xj on M g (0) \ i g (M g -i(0)) are mapped to 
(the restriction of) the invariant vector fields on C 9 by the isomorphism <fi g in 
Theorem \4-'A composed with (|3.1|) . 

(2) The map i g : M g _i(0) — ► M g (0) is a closed embedding. The vector fields 
Xi,...,X g _i on M 5 _i(0) are mapped to Xi,...,X g _i on M g (0) by i g , while the 
vector field X g is zero on i s (M s _i(0)). 

(3) The level set M g (0) is stratified by g+1 smooth affine varieties, which are invariant 
for the flows of the vector fields Xi, . . . , X 9 ; they are isomorphic to C k \ &k for 
k = 0,...,g. 

Proof. (2) follows from (1) and Lemma 13.81 (3) is a consequence of (1) and (2). We 
prove (1). Since the vector fields in question are all holomorphic, it suffices to show this 
assertion on some open dense subset. We define 

g 

§' := {)J(xi, yi)] € Sym 9 (C g \ {O, 00}) | a?* / Xj for all i ^ j}. 
i=l 

Lemma 4.5. The map aj 33 , restricted to §', is an open immersion whose image is a 
dense open subset of J g . 

Proof. Suppose that ^f=i[( rc *' Vi)\ an d Sf=i[( x i' u D] nave the same image in J g . If we set 
cti = Vi/xf, ol i = y'i/x'f, then this amounts to saying that f(t) = Y^ i= i{^ — a.~ 1 t)(l + a'^ 1 t) 
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is in R g . Since f(t) is of degree 2g, we must have f(t) = f(—t). This implies X]f=i[ a «] = 
Sf=i[ a i] ( m Sym 3 (P 1 \ {0,oo})) by the definition of and the injectivity follows. The 
rest follows from Lemma 13.41 (2) . □ 

Now we consider the vector fields on Since the computation made in the proof of 

in (O 



Theorem 12.11 is valid in this situation, it follows by putting X{ = af,yi 
that, with local coordinates aj, the vector fields Xj are expressed by 



a 



( 1 



a 2 



a 



1 \ 

2 



2g-2 2g-2 

On 



a 



2g-2 



I X g ai 
— W 



X g -iai 
25 — 



— 2F~ 4 

Xi«2 



\ 2- 



— w 



-I g . 



(4.1) 



Using Lemma 13.71 and (|4.1[) one computes that %k a i = $i,ki f° r 1 ^ i,k ^ g, which leads 
to (1) in Theorem 14.41 

5. Rational solution to the Mumford system 



In view of Theorem 14.41 an explicit description of the inverse map 



<t>g ■JgXQg^ M M \ ig(M g -i(0)); 



u(x) —v(x) 



of (j)„ gives rise to a rational solution to the Mumford system. This will be done in £15.1 



then we present a concrete algorithm to compute rational solutions in §5.21 

5.1. The map <pg. We inti 
X(a) be the 2g by g matrix: 



5.1. The map <fi g . We introduce some notations. For a = (ai, • • • , a g ) G C 9 , let X 



X 



( Xo 
Xi 

X2 



Xg 
Xg+1 






Xo 



Xg-2 
Xg-1 



\ 







X2g-2 X2g-4 
\X2g-l X2g-3 



X2 
X3 



Xo 
XiJ 



where \i = Xiifl) are given by Definition 13.11 (1). We write X g = X g (a) for the submatrix 
consisting of the last g rows of X. We remark that X and X<i g of Definition 13.31 are closely 
related (for instance we have detX 9 = detX 9 ), but they come out of different contexts, 
and it seems more natural to use both of them. We divide X into a g + 1 by g matrix 



A = A(a), a g — 1 by g — 1 matrix B = B(a) and a vector (f> = <f>(a) 



A 
B 



Xi 



1,0 - Xi-2j 

,.j - X g+ i +i: i + j -- 
X g +i+i t i 



i forHKs + 1, 1 < j ^ g, 
Xi~2j+ g for 1 < i, j ^ g - 1, 
Xi+g for 1 ^ i ^ g - 1. 
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Let T g = T g (a) be the polynomial function on C 9 given by 

T g (a) = det X g (a)(= detX g (a)). (5.1) 

Note that r g is essentially the Schur function associated to the partition v = (g,g — 
1, • • • ,1). (See (3) in the proof of Proposition 16.11 ) Recall that the g vector fields Xj on 
M g (0) induce the translation invariant vector fields Xj = on C 9 (Theorem 231(1)). For 
a rational function s G C(ai, • • • , a g ) we write s' := -£^s and := J^jr s for = 1, 2, . . . . 

Let [/ be the open subset of J g \Q g = {a £ C 9 \ T g (a) ^ 0} defined by 

U := {a G C 9 | det 5(a) / and r g (a) / 0}. 

The next proposition is a key to an explicit formula for (fig 1 - 

Proposition 5.1. Suppose a G U. We denote by p(t;a) = Ylk=oP^ k the polynomial, 
whose coefficients are defined by 

1 

Then p(t; a) is the unique polynomial of degree at most g, which satisfies pq = 1 and 

2g-l 

Xkt k =p(t;a) in C[[t]]7C[[t 2 , t 29+1 }]* . (5.3) 

fc=o 

Proof. We see that (|5.3p with po = 1 is equivalent to the existence of a polynomial b(t) = 
1 + Y%Zi b i t2j such that 

2g-l 

Y,Xkt k )-b{t) mod^C[[t]]. 



P= *(P0,Pl, • • • ,P 9 ) := A(a) (J _ B( °^ r i) 



(5.2) 



p(t;a) 



(5.4) 



Then we have 



(J53D X6 



fc=0 

M 





(ia) Ab = p 

(ib) (0B)6 = *(0,-.. ,0) 



where b = *(1, &i, 62, ■ • ■ , b g -\). When det B ^ 0, (ib) has the unique solution 



1 

-B- 1 



with which (ia) is equivalent to (|5.2p . This completes the proof. 

i>(a;) u>(x) 



□ 



Theorem 5.2. IfaeU, then fa 1 (a) = \ V ¥l w (f\) 

^ 9 v ' \u(x) -v[x) J 



u{t 2 ) 



Pg(a) 



I) 9 

^p(t;a)p(-t;a), 



is given by 



1 d 2 



w[x 



(x - 2n 5 _i)u(x) - 2d a ~2 u ( x ' ) - 



(5.5) 
(5.6) 



For a proof, we need a few lemmas: 
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Lemma 5.3. For k = 1, 

d 



,g. we have 



(1) da~ k X ' = Xl ~ 2k+1 ' 



(2) = W 



Proof. By operating with on (13.2H . we obtain 







»=i 



i=o 



□ 



Thus we get X^o(dfrXj - Xj-2k+i)t j = 0, and (1) follows. (2) follows from (1). 
Lemma 5.4. For a £ U, we have the following: 

(1) T g (a) = Pg det 5, (2) r' g (a) = v 9 -\ det B, (3) t£(3) = 2p g _ 2 det B. 

Proof. (1) Since a € £/, we can write B(a)^ 1 = ^^^ (a) where -B(a) is the matrix of 
cofactors of l?(a). We write -B^ for the (7 — 1 by g — 2 submatrix of B(a) obtained by 
removing the k-th column of B(a). We have 



9-1 



p g det B = x g det B - ^ x 9 -2fc ^ - B fc,j<A? , 



fc=i 



r 9 = det X g = Xg det B + ^(-l) fc x g - 2 fc det ($B k 



k=l 



Now the claim follows from the following fact 



9-1 



det($B k ) =(-l) h - 1 ^B k ^ j . 

3=1 



(5.7) 



(2) Using Lemma 15.31 we get 



T g = det 



Xfl-l Xg-3 Xg-5 ■ ■ ■ 
$ B 



On the other hand, we have 



9-1 



Pg-i det B = Xg-i det B - ^ Xg-l-lk ^ B k,j<f>j, 

fc=l 3=1 



which coincides with r g by (|5.7p . 

(3) Using Lemma |5.3| we have 

/ Xg-2 Xg-i Xg-6 
Xg+1 Xg-1 Xg-3 
r'g' = det Xg+2 Xg Xg-2 



+ det 



/ Xg-l Xg-3 Xg-5 
Xg Xg-2 Xg-i 
Xg+2 Xg Xg-2 



\X2g-l X2g-3 X2g-5 ' ' / \X2g-l X2 S -3 X2g-5 ' ' / 

By using (j5.7fl . the first term in r.h.s. turns out to be p g -2<iet B. On the other hand, it 
follows from the following lemma that the first and second terms coincide. This completes 
the proof. □ 
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Lemma 5.5. Let Xq, . . . ,X2 g -i be independent variables. We define two elements in the 
polynomial ring C[Xq, . . . , X2 g -i\: 





(Xg-2 


Xg-4 


Xg-6 


•A 




(Xg-1 


Xg-3 


Xg- 


-5 


..A 




Xg+1 


Xg-1 


Xg-3 






Xg 


Xg-2 


Xg- 


-4 




det 


Xg+2 


Xg 


Xg-2 




, Q 2 := det 


Xg+2 


Xg 


Xg- 


-2 






\X2g-l 


X 2 g-3 


X 2 g-5 


...j 




\X2g-l 


X 2 g-3 


X 2 g- 


-5 


...) 



Then we have Q\ = Q2- 



derivation d on 


C[X ,. 


■ , X 2 g-l] 


by dXj 


0. We define 










( Xg 


Xg-2 


•• o\ 




Xg+1 


Xg-1 


•• 


T := det 


Xg+2 


Xg 










X 




\X2g-l 


X 2 g-3 


■ xj 



Xj-2 for 2 ^ j < 2g - 1 



We calculate dT in two ways. By differentiating columns, we see that dT = since 
d Xq = d X\ = 0. By differentiating rows, we see that dT = Q\ — Q2. This completes the 
proof. □ 



Proof of Theorem \5. OH From Lemma 15.41 (1) we have p g 7^ on U, thus p(t; a) is written 
as p(t; a) = Y[j=i(^ ~ ^r) so tri at p g = (-1) 9 Ilf=i Proposition 15.11 shows that u(x) = 
Yl$ =1 (x-aj) (cf. Remark USD . Thus we have 

9 9 
u (t 2 ) = - <*j)(t + a>j) = ( Y[ -Oi 2 j)p{t; a)p(-t; a), 
3=1 i=i 
and (|5.5|) follows. The action of X g (|2.ip on M g is written as follows: 

X±u(x) = 2v(x), 

%iv(x) = —w(x) + (x — Ug-i + w g )u(x), (5.8) 

X\w(x) = 2(x — Ug-\ + w g )v{x). 

To obtain v(x) and w(x), we use the first two equations, the relation Xi = which 
comes from Theorem 14.41 (1), and the fact that w g = —u, 
u(x)w(x) + v(x) 2 = x 2g+1 . 



,-i on M g (0), as follows from 

□ 



5.2. Algorithm. We present an explicit algorithm to compute a rational solution to the 
Mumford system. This can be considered as a degenerate version of [15] (see also [T71 
§10]), where a solution is given in terms of the hyperelliptic p-function. The function p g 
defined in (|5.9p below corresponds to a degenerate version of the hyperelliptic p-function. 

Definition 5.6. We define a family of polynomials Uq, . . . , U g -i, Vo, . . . , V g -\, Wo, . . . , W g £ 
C [To, ... j T2 g ] as follows. We set 

1. 



Ua-l = T , Vg 



9-1 



-Ji, W q 



-T n . 
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Assume we have defined TJ g -i, V g -i, W g -i + \ for i = 1, . . . , k. Then we define 

1 .. i 3-1 9-1 

tffl-fc-i = ^s-fc + Ug-iU g - k - -( UjW 2g -j-k + ^'^s-i-fc), 

j=g-k j=g+l-k 

Vg-k-1 = -Ug-k-U 



3-1 9-1 



g-fc 



1 1 



3=9— k j=g+X-k 

Here F i— > F is the derivation on C[To, . . . , T2 g ] defined by Tj = Tj+i for i = 0, 1, . . . , 2g—l, 
and by = 0. The first examples of U k are given by 

Ug-x = T , 

Ug-i = T T 2 + ^F 2 , 



U 9 - 3 = ^r 4 + |rf + \t t 2 + ^T 3 . 

Proposition 5.7. Let p g = p g (a) be the rational function in C[a\, . . . ,a g , — ] given by 

d 2 

Pgifl) = logTflW- ( 5 - 9 ) 

Then, the functions 

u k := U k (p 9 ,p' g , . . .,pf^), v k := ^(p g ,p g , . . . ,p 9 29) ), := W k {p g ,p' g , . . .,p g 2 ^) 
give a rational solution for the genus g Mumford system. 



Proof. By using Theorem 15.21 when a € U, %-i is written in terms of Pj as 



2Pg-2Pg ~ Vl-X 



Ug-X - r, 

Pg 



From Lemma 15.41 this turns out to be 



rjrg - (r' g r 

Ug-x = -2 = Pg- 

' g 

Since p g has poles only on Q g , the domain of the solution of %-i is extended from the 
open subset U of J g \ Q g to J g \Q g . 

The first two equations of (|5.8|) yield 

1 , 

— r 
2 

2 U g-k = - w g-k + Ug-k-l + (w g ~ Ug-l)u g -k- 

If we look at the coefficient of x 2g ~ k in the equation u(x)w(x) + v(x) 2 = x 2g+1 , we get 

9-1 9-1 

UjW 2g -j-k + Ug-k-X + Wg-k + ^ V j V 2g-j-k = 0. 
j=g-k j=g+X-k 

The proposition follows from these three equations. □ 



v g-k — r> u g _ k , 
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Example 5.8. (Rational solution) 
(i) g = 2 case: 



a\ -3ai(af + 6a 2 ) 

T2{a) = — -a 2 , P2{a) ~ 



3 ^ HZ ^>- (a?-3o2)5 



(ii) 5 = 3 case: 

,^ afa 2 2 , 
73(a) = ^ ^ a 2 + a i a 3, 

_ -3(2aj° + 675af a% - 1350aia| - 270afa 3 + 675a|) 
P ^ a ' ~ (of - 15af a 2 - 45a| + 45aia 3 ) 2 ' 

(iii) 5 = 4 case: 

^(a) = - -jQg- - aia 2 + + a^a-j - o 3 — + a 2 a 4 . 

6. Relation to the KdV hierarchy 

As we already pointed out in the introduction, the Mumford systems and the KdV 
hierarchy are intimately related. We briefly examine the relationship, with focus on the 
rational solutions. Recall that the KdV hierarchy is defined by the family of compatible 
Lax equations (see [161 ED] and references therein) : 

' } -& = , £], for i = 1,2,3,- •■ . 



dx 2 i-i 

Here L is a differential operator of the form d% + / where / is a function of f = 

(x,xi,x 3 , ■ ••) £ C°° and d x f = ^ + f ■ d x . The square root £2 is computed in the 

i-i 

ring of formal pseudo-differential operators; the index + in L + 2 means that we take the 
differential part of £ 4 ~2 . The first three equations (i = 1, 2, 3) are given as follows: 

dx\ dx ' 

df_ = + 3 df 

dx% 4 dx 3 2 dx ' 

df_ = + 5 #7 + 5 a/ tP£ + 15 2 5/ 

16 <9x 5 8 9x 3 4 cte 9x 2 8 cte 

In the sequel, we identify x with x±, as suggested by the first equation of the above list 
and we consider the rational solutions to the KdV hierarchy. According to [6] , there is for 
every positive integer g an essentially unique solution, depending on g parameters: 

(1) Suppose / = f(x%, X3, . . . ) be a non-zero rational function satisfying the KdV hier- 
archy. Then there exist g G Z>o and c\ £ C such that f(xi, 0, 0, . . . ) = — ■ 
Moreover, / depends on the g variables xi,x 3 ,... ,x 2g -i, and is independent of 
the other variables x^i-i- In this case, we call / a genus g rational solution. 

(2) If / and / are genus g rational solutions, then there exist ci, c 3 , . . . , c 2g _i € C such 
that f(xi -c 1 ,...,x 2g -i -c 2g _i) = f(xi, . . . ,x 2g -i). 
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An explicit formula for these rational solutions is given in the following proposition, 
which is known in different forms, as indicated in the proof below. The upshot, in connec- 
tion with our result, is that the rational solutions to the KdV hierarchy of genus 0,1,... ,g 
fill up a very specific invariant manifold of the genus g Mumford system and form, com- 
bined, the complement of the completed theta divisor of the compactified Jacobian of the 
singular curve y 2 = x 29+1 . 

Proposition 6.1. The function f = 2p g (a), defined in (|5.9p . gives a rational solution for 
the KdV hierarchy upon substituting 

ai = x 2 i-i, fori = l,--- ,g. (6.1) 

This solution is non-trivial for the first g — 1 vector fields . . . , - of the hier- 

archy, and trivial for the higher ones. 

Proof. We sketch three different approaches to this result. 

(1) The KdV hierarchy is known to have Wronskian solutions, constructed as fol- 
lows (See [T3] for details): Fix g S Z>o, and consider g functions fi,-..,f g of x = 

dx'l ■ 



(xi, X3, X5, • • • ) € C°°; for k G Z>o we denote f^ k ' := jr-%fi- If these functions satisfy 



() -fi=ilT-) 2k Vi, forfceZ >0 , (6.2) 



dx 2 k-i K dxi' 

then 2j^-logT(x) satisfies the KdV hierarchy, where T{x) is defined by 



T(x) := det 



h / 2 (1) ••• ft^ 



\ f f(i) f(s-i) / 

\Jg Jg Jg / 



(6.3) 



In view of Lemma 15. 3} the functions fi := X2g-2i+i with a« = X2%-\ for i = 1, • • • ,g, 
satisfy (|6.2p . With this choice of functions, T(x) is precisely T g (a), and the result follows. 

(2) In |17[ Ilia §10-11], Mumford shows, building upon the work [TH] of McKean-van 
Moerbeke that a solution to the Mumford system, associated to an arbitrary smooth 
hyperelliptic curve, yields a solution to the KdV hierarchy. In our case the hyperelliptic 
curve is not smooth, yet Mumford's argument depends only on (differential) algebra, so 
we can construct as in the smooth case a rational solution / to the KdV equation from 
the rational solution which we constructed to the genus g Mumford system. Finally we 
obtain / = 2u g -i, which leads precisely to the proposed solution. 

(3) In the Grassmannian approach to the KdV equation [20], to each point of the 
Sato (universal) Grassmannian one associates a tau function, whose second logarithmic 
derivative yields a solution to the KdV hierarchy. % If one takes the point of the Sato 
Grassmannian corresponding to the partition v = (g,g— 1, ■ • • ,1), then the associated tau 



n 

Precisely, this yields a solution to the KP hierarchy in general; it is a solution to the KdV hierarchy 
iff it depends only on the odd-indexed variables. 
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function is given by the Schur function F v of v (cf. [20} §8]). By the very definition (15. ip . 
we have an identity T g (a) = (— l) 2 ^ -1 F u {a\, 0, 02, 0, 03, ■ ■ ■ ), where F v is considered as a 
function in t\,t2,--- through [201 (8.4)]. Thus, our function r g , which shares the same 
second logarithmic derivative with F u , yields a rational solution to the KdV hierarchy. □ 

Remark 6.2. In |2Ut p. 47-48], a relation between the Sato Grassmannian and the 
compactified generalized Jacobian J g is discussed. To be more precise, we introduce the 
Grassmannian Gr 9 of ^-dimensional subspaces W of C[t]/(t 29 )(= C 2g ) satisfying t 2 W C 
W. (One can consider Gr g as a subvariety of the usual Grassmannian Gr(g, 2g) or of 
the Sato Grassmannian.) Then Gr g admits a cell decomposition Gv g = U^ =0 Gr^ with 
Grj^ = C k (k = 0, 1, ■ • • ,g), and there exists a bijective morphism v g : Gi g — > J g 
satisfying ^(Grj^) = {iTk,g)*{Jk) f° r all k = 0, 1, • • ■ ,g (cf. Lemma [3.8p . In particular, 
the cell decomposition of the Grassmannian corresponds to the stratification of the zero 
level set M g (0) of the genus g Mumford system. Note that v g is not an isomorphism 
already in the case g = 1. It is conjectured in |20j that v g gives the normalization of J g . 
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